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Abstract 

Domino tilings have been studied extensively for both their statis- 
tical properties [5], [12], [15] and their dynamical properties [3]. We 
construct a subshift of finite type using matching rules for several types 
of dominos. We combine the previous results about domino tilings to 
show that our subshift of finite type has a measure of maximal en- 
tropy with which the subshift has completely positive entropy but is 
not isomorphic to a Bernoulli shift. 



1 Introduction 

Subshifts of finite type are a fundamental object of study in dynamics. 
A Z d subshift of finite type is defined by a finite set A and a finite list 
of forbidden words Forbidden C AD">™] . The state space is S C A z 
such that 



S = 



js € A zd : T w (s) £ Forbidden Vw e Z d | 



where the shift maps T w : A 7 ^ — > A zd are defined by (T w (a)) v = a v+w . 

The topological entropy, k, of a subshift of finite type is defined 
to be 

log 2 Admissiblc(fc) 
h = hm — — ; 

fe^oo (2k+l) d 

where Admissible(fc) be the number of words in A^~ k ^ d that do not 
contain a forbidden word. 

Subshifts of finite type are fundamentally topological objects. How- 
ever the study of subshifts of finite type often includes measure-theoretic 
question. This is possible because for every subshift of finite type there 
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exists an invariant measure with measure-theoretic entropy equal to 
the topological entropy [T7]. Using these measures we can study the 
ergodic theoretic properties of a subshift of finite type with respect to 
its measures of maximal entropy. 

The ergodic theoretic properties of one dimensional subshifts of 
finite type are well understood. The state space S is non-empty if 
and only if it contains periodic points. Also there is an algorithm 
to calculate the topological entropy of a one dimensional subshift of 
finite type. Under very mild conditions a one dimensional subshifts 
of finite type has a unique measure of maximal entropy. Finally if a 
one dimensional subshift of finite type is mixing with respect to its 
measure of maximal entropy then it is measurably isomorphic to a 
Bernoulli shift. See [T7] for more details about subshifts of finite type. 

In contrast two (and higher) dimensional subshifts of finite type 
may have very different behaviors. In fact none of the properties listed 
above necessarily apply to all two dimensional subshifts of finite type. 
For instance given an alphabet and a list of forbidden words it may 
be a difficult problem to determine if the state space S is empty or 
not. In fact there exists subshifts of finite type for which S is not 
empty but S contains no periodic points. Because of this there is 
no algorithm which can determine whether a subshift of finite type 
has nonempty state space [T]. It can also be difficult to calculate the 
topological entropy of a subshift of finite type even for some of the 
simplest subshifts of finite type (such as the hard sphere model). 

The measure theoretic properties of two dimensional subshifts of 
finite type can also be quite complicated. Ledrappicr showed that there 
are Z 2 subshifts of finite type which are mixing but not mixing of all 
orders [T6] . It remains a long standing open question as to whether 
there are actions of Z which are mixing but not mixing of all orders. 
Burton and Stcif used ideas from statistical physics to show that there 
are strongly irreducible subshifts of finite type with multiple measures 
of maximal entropy, and these measures of maximal entropy are not 
weak mixing [4]. 

One particular subshift of finite type that has been very well studied 
is the domino tiling of the plane [3] [12]. We will construct a subshift 
of finite type that is a variant of the domino tiling of the plane which 
we call the colored domino tiling. We make use of some of the 
results about the domino tiling of the plane to analyze the ergodic 
theoretic properties of the colored domino tiling. A transformation 
has completely positive entropy if every nontrivial factor of the 
transformation has positive entropy. We will show that the colored 
domino tiling has completely positive entropy but is not isomorphic to 
a Bernoulli shift. 

The rest of this paper is organized as follows. In the next section 
we review some of the results about the domino tiling. In Section |3] 
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we construct a zero entropy extension of the domino tiling which we 
call the colored domino tiling. In Section @] we construct the subshift 
of finite type. In Section [5] we calculate the entropy of the subshift of 
finite type and identify a measure of maximal entropy. In Section [5] wc 
show the connection between the two processes. Then in Section [7] wc 
show that our subshift of finite type has completely positive entropy. 
Finally in Section [8] we show that it is not isomorphic to a Bernoulli 
shift. 

We conclude this section with an open question. The subshift of 
finite type that we construct has multiple measures of maximal entropy. 
We show that with respect to one of them the subshift has completely 
positive entropy but is not isomorphic to a Bernoulli shift. With other 
measures of maximal entropy the subshift is isomorphic to a Bernoulli 
shift. This leads us to the question: Does there exist a subshift of finite 
type which has a unique measure of maximal entropy and with respect 
to that measure the subshift has completely positive entropy but is not 
isomorphic to a Bernoulli shift? We believe the answer to be yes and 
that the techniques in this paper could be extended to construct such 
an example. 

2 Domino Tilings and the Height Function 

A domino tiling is a map x from (Z + i) 2 — > (Z + i) 2 such that 

1. — = 1 for all u and 

2. x{u) = v iff x(v) = u. 

We call this a domino tiling because we can think of this as for each 
u E (Z + |) 2 there is a 2 by 1 domino whose two squares are centered 
at u and x{u). 

We let X be the space of all domino tilings. There are two natural 
shift operations on X given by 

1. Ti clt (x)(u) = x{u+(l,0)) - (1,0) for all x E X and u E (Z+±) 2 . 

2. T dowD {x)(u) = x(u+(0, l))-(0, 1) for all x G X and u G (Z+±) 2 . 

Burton and Pemantle studied the ergodic theoretic properties of 
the domino tiling [3]. 

Theorem 2.1. J3j/ There is a unique measure of maximal entropy fi 
on X. The action (X, fJ,,Ti e ft,Tdown) is isomorphic to a Z 2 Bernoulli 
shift. 

The height function h x of a domino tiling x is an integer valued 
function on Z 2 . It changes by 1 along each edge of the graph that is 
on the boundary of a domino and changes by 3 along each edge of the 
graph that bisects a domino. 
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More precisely for a tiling x the height function h x : Z 2 —> Z such 
that for any z, z' € Z 2 with ||z — z'\\\ = 1 

1. ^(z) — h x (z')\ = 3 if there is a u such that u + x(u) = z + z' 

2. — /i x (-z')l = 1 if there is no u such that u + x(u) = z + z' . 

If we further require that h x (0,0) = then there are exactly two 
choices for h. We pick one arbitrarily by first putting a checkerboard 
pattern on the plane with a white in the square between (0,0) and (1,1). 
Then we say pick the height function so that if v, w <E 1? and the edge 
between v and w bisects a domino in x then h x (y)—h x {w) = 3 if moving 
from v to w there is a white square on your left and h x (v) — h x (w) = —3 
if moving from v to w there is a white square on your right. The height 
function has been extensively studied [2] [TT] HU [13] US] HO]. In 
FigurcJT] we show an example of a domino tiling y and its corresponding 
height function. 

One useful way to think of a domino tiling as a graph. It has 
vertices (Z + |) 2 and an edge between u and x(u) for all u. The 
second condition of a domino tiling implies that every vertex in this 
graph has degree one. With this interpretation we can consider the 
union of two domino tilings. This interpretation will be very useful for 
studying the height function. 

For any domino tiling x and any fgNwc define 

%N — {y '■ y\z 2 \[-N,N] 2 = a;|z 2 \[-Af,Jv] 2 } • 

The following theorem of Kcnyon shows that cycles ofyUy' are critical 
to understanding the difference in the height functions. 

Theorem 2.2. \Wj For all N, x and y,y' £x N 

1. If there exists a path from u to v which does not cross a cycle of 
yUy' then 

hy( U ) - hy,( U ) = hy(v) ~ ky> (v) . 

2. h y — hyi increases or decreases by ^ every time you cross a cycle 
of yUy' and 

3. conditioned on y, y' £ Xjy and the cycles in yUy' , the increases or 
decreases of h y — h y > are mutually independent for all the cycles 
in y U y' . 

To illustrate this theorem in Figures [2] and |3] we show the previous 
domino tiling y and another domino tiling y' such that y U y' has a 
cycle. The height functions for both x and y are shown. Note that the 
height function in the second tiling agrees with the height function in 
the first outside the cycle and is four greater than the height function 
for the first tiling inside the cycle. 
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Figure 1: A domino tiling with its height function. 
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Figure 3: A portion of the domino tiling y' . Note that the height functions 
for y and y' differ by 4 inside the cycle. 
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In [12] Kenyon proved that asymptotically the fluctuations in the 
height function arc conformally invariant. The precise version of this 
theorem that we use is as follows. 

Define SquareJ C K 2 be the boundary of the square with vertices at 
(±Z, ±Z) and let Square; = Z 2 n Square;. Define the annulus Annulus; 
to be the region between SquareJ and Square^ . 

Lemma 2.3. \12j There exists S > 0, Nq and p > such that for all 
N > Nq and all height functions H and H' with 

SUp V £ Square N USquare 2N \H(v)\,\H'(v)\ < N6 
if we let E be the event that 

hx'\ Square N USquare 2N H\square N USquare 2N 

and 

hy'\Square N USquare 2N — H I Square N USquare 2N 

then 



/i x /i (a; ,y ) : 3 a cycle of x' U y in Annulus^ 



E\>p. 



Proof. This version of the conformal invariance for height functions is 
stated in the discussion after Theorem 1 in [12]. □ 



3 The colored domino process 

The height function h x is defined on 1? so we can easily extend h x by 
linearity to the wireframe, (ZxI)U(RxZ). Then wc define 



g x (i,j) = h x (i,j)+Aj (1) 



on the wireframe. 
Let 



Colored Points^ = {ue(ZxR)U(lxZ): g x (v) £ Z}. 

A colored domino tiling of the plane consists of a domino tiling of 
the plane x and a function C : Colored Points^ — > {1,2} which satisfies 
the following coloring rule. 

Definition 3.1. A map 

C : Colored Points x -> {1,2} 

satisfies the coloring rule if for every u, v G Colored Points x with 
\\u — v\\ < 10 and g x (u) = g x (v) satisfies C{u) = C(v). 
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The coloring rule is a global rule as it applies to all u, v G Colored Points. 
In Section [5] we will show that we can define a "local coloring rule," 
that says if u and v are sufficiently close and g x (u) = g x (v) then 
C(u) = C(v) which implies the coloring rule. The fact that there is 
a local coloring rule which is equivalent to Definition 13.11 will allow us 
to show the space X* is isomorphic to the state space of a subshift of 
finite type. 

Let 

X* = Ux,c): x G X and c G {1,2} Z |. 

Let a(c)i = Cj+i. Let P be the Bernoulli (1/2,1/2) measure on {1,2} Z . 
We consider the measure /i* = |i x P on X*. 

There are two natural actions T* eit and T^ own on X* that preserve 
fi* . One is given by 

T? eft (x,c) = (T? ett (x),a°*Wc) 

and the other 

T d * own (x ) c) = (T d 2 own ( : r),^( ' 2 )c) 
is defined in the analogous manner. 

Remark 3.2. The definition of h x depends on the checkerboard color- 
ing of M 2 . The checkerboard coloring is not invariant under the shifts 
Tieft and Tdown, but is invariant under shifts Tf e ^ and T^ own . Because 
of this 

h T?eft{x) (v) = h x (v + (2,0))-h x (2,0) 

but the relationship between hx left ( x ) an d h x is not so simple. Also g x 
and Colored Points x do not behave nicely under Ti e f t and Td own but do 
behave well under Tf e j t and T\ own . If we tried to construct a subshift 
of finite type which has an isomorphic state space and the shifts Ti e ft 
and Tdown, then we would need different tiles for the white squares and 
the black squares in the underlying checkerboard coloring of the plane. 
This would result in a two point factor. 

We conclude this section by proving some facts about g x which will 
be useful (in Section [S]) to show that the coloring rule can be generated 
by a local coloring rule. 

Lemma 3.3. For any x G X and a, b, e, / G Z 

[a, b] x [e, /] n Colored Points x 
is determined by x H [a, b] x [e, /] 
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Proof. For z G Z 2 we have that g x (z) € Z. For u,v £ [a, b] x [e, /] 

3x(w) - 9x(v) 

is determined by a;|[ a ,b]x[e,/]- Combining these two proves the lemma. 

□ 

Lemma 3.4. For all x G X and G Z 2 

9x{hj) + 7 > g x {i,j + 1) > ffxCU) + !• 

T/ims /or eac/i a; G X and i, k G Z i/iere exists a unique j G K smc/i i/iai 
i) = fc- 

Proof. Across any edge in the lattice h x can change by at most 3 so 
g x (i, j + 1) - j) = h x (i,j + 1) + 4(j + 1) - /i a (i, j) - 4j > 4- 3 = 1 
and 

g x (i,j+l)-g x (i,j) = h x (i,j+l)+4(J+l)-h x (i,j)-4j < 4-(-3) = 7. 

□ 

A similar argument gives us the following. 
Lemma 3.5. For all x G X and (i,j) G Z 2 

g x (i + l,j - 2) < g x (ij) < g x (i + l,j + 2). 

Proof. For any i,j G Z 2 

IM*.i)-M* + i.i)l<3 

and 

\h x (i + 1, j — 2) — ft x (« + 1, j)|, + 1, j + 2) - &„.(» + < 4 

The last equation is true because you can't move in a straight line past 
two squares and have a white square on your left (or right) both times. 
Thus h x can not increase (or decrease) by 3 on two consecutive edges 
and can only increase or decrease by 4 over any segment of length two. 
Thus 

\h x (i + l,i - 2) - h x (i, \h x (i,j + 2) - h x (i + l,j)\<7 

and 

&(*, j) G (&(» + 1,.?' - 2),.9x(j + 1, j + 2)). 

□ 
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Another version of this principle is the following. 
Corrollary 3.6. For any x £ X and —n <i,j<n 

\9x(i,j)\ < 10n. 

Proof. Both h x and g x can change by at most 3 across any horizontal 
edge and by Lemma 13.41 can change by at most 7 across any vertical 
edge. As g x (0,0) = this proves the lemma. □ 

4 The subshift of finite type 

First we describe the set of tiles that we will use in our subshift of finite 
type. Let Tiles be the set of all possible ways to tile [0, 2] x [0, 2] with 
dominoes whose corners are at points in 1? . We show a representation 
of the set Tiles in Figure UJ By Lemma |3~31 for each element D £ Tiles 
we can define hp : {0,1,2} 2 — > Z in the natural way and extend it by 
linearity to go where 

g D : ({0, 1, 2} x [0, 2]) (J ([0, 2] x {0, 1, 2}) -> K. 

Then let Colored Points^ be the set of (x,y) in 

({0,1,2} x [0,2]) |J ([0,2] x {0,1,2}) 

such that gn(x,y) £ Z. Define 

Colors(D) = Ranged) n Z. 

Definition 4.1. The alphabet A for the subshift of finite type is 

A={(D,c): D£ Tiles,c£{l,2} Colors ( D )}. 

We can extend the map c £ {1, 2} Colors ( D ) to a map 

c : Colored Points^) — > {1,2} 

by setting c(v) = c(g(v)) for all v £ Colored Pointsu. 

Definition 4.2. The adjacency rule for the subshift of finite type is 
that two tiles (D,c) and (D',c') may be adjacent if the maps 

c : Colored Points^) — > {1,2} and c : Colored Pointso' — > {1,2} 

agree on the portions of the boundaries (of the 2 by 2 tiles) that overlap. 

Definition 4.3. We let the state space S C A z be the set of all points 
that satisfy the adjacency rule. 
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As we will sec in Lemma 15.31 the adjacency rule forces a complete 
domino tiling of the plane. We illustrate the alphabet A and the adja- 
cency rule with the following figures. We show a representation of the 
set Tiles in Figure 0] Then we show two elements in Tileswhere each 
point in Colored Points^ is labeled by the value of go at that point. 
Then for a specific c € {1, 2} Colors ( D ) we show its representation as a 
map from Colored Points^ — > {1,2}, where 1 is represented by a circle 
and 2 is represented by a disk. 
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Figure 4: The set Tiles of all 34 tilings of a 2 by 2 square with dominoes. 
There are 2 with two complete dominoes, 16 with one complete domino and 
16 with no complete dominoes. 
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Figure 5: The lower pictures show two elements of A, B £ Tiles along 
with their sets Colored Points^ and Colored Points^. The points in 
Colored Points^ (Colored Points^) are marked by the value of gA (9b)- In 
the upper pictures we chose a coloring of A and B. The adjacency rule for 
the subshift of finite type allow us to place these colored tiles to be placed 
next to each other horizontally but not vertically. 
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5 The two processes are the same 

In Section [3] we defined X* and in Section [4] we defined S, the state 
space for our shift of finite type. Now we will construct a natural 
bijcction between these two spaces. 

Definition 5.1. For (x,c) £ X* we define 

(x,c)i,j = (D,c) £ A 

by setting D to be 

T left [0,2] X [0,2] 

and c : Colors(D) -» {1, 2} by 

c(k) = c(g x (2i,2j) + k). 

Remark 5.2. We often consider (x,c)ij for (i,j) £ [— N, N} 2 . This 
depends on x in 

[-2N, 2N + 2] x [-2N, 2N + 2] 

and c in 

{mmg x (v), . . . , maxj^w)} 
where the min and max are taken over all v € [— 27V, 2N + 2] 2 . 
The definition of (x, c)ij defines a map from 

M : X* -> A 1 - 2 

by (M(x, c))i.j = {x,c)i_j. Our goal for this section is to prove the 
following. 

Lemma 5.3. M is a shift invariant bijection from X* to S . 

To prove this we will use the following lemmas. 
Lemma 5.4. For all D £ Tiles 

Range(g D ) = Range(g D ) | {0 , 1,2} x[o,2]- 

Proof. Since g x is defined by linearity both mingr) and max go are 
achieved on {0, 1, 2} x {0, 1, 2}. By Lemma 3.5 g x (i,j) < 9x(i + l,j + %) 
and g x {hj) > 9x{i + 1,.? — 2). Combined with the first statement these 
imply that 

Range(gn) = Range(gr))| { o,i,2}x[o,2]- 

□ 



15 



These next two lemmas show how the local adjacency rule implies 
the global coloring rule. It does so because for any to u, v with g x (u) = 
g x (v) there exists an intermediate sequence {wi} connecting utov with 
9x(wi) = gx(u) = g x (v) that are all colored the same. 

Lemma 5.5. IfiEZ, x 6 X and 

9x(i,j) = 9x{i + l,i') 

then \j — j'\ < 2 and there exists m,n e Z such that either 

1. (i,j),(i + l,f) € [2m, 2m + 2] x [2n, 2n + 2] or 

2. one of and (i + is in 

[2m, 2m. + 2] x [2n, 2n + 2] 

and the other is in 

[2m,2m + 2] x [2n - 2,2n]. 

Also there exists 

£ [2m, 2m + 2] x [2n] 

with g x (i",j") = g x (i,j)- 

Proof. The first statement follows by linearity from Lemma 3.5. Be- 
cause of this cither there exists n such that 

1. 2n - 2 < j < 2n < j' < 2n + 2, 

2- 2n <j,j' <2n + 2 or 

3. 2n + 2 > j >2n> j' > 2n - 2. 

In the second case then there exists meZ such that (i + l,f) € 

[2m, 2m + 2] x [2n, 2n + 2}. The first and third cases are symmetric so 
it suffices to only consider the first. As g x is increasing onix [j, 2n] 
and (i + 1) X [2n, j'] and g x (i,j) = 9x{i + 1 , j ' ) , by the intermediate 
value theorem we can find the appropriate (i 

Lemma 5.6. Given v, d'6(ZxK)U(Rx Z) and m € X wit/i <7 x (f) = 
g x {v') there exists a sequence u>o, . . . ,Wk such that 

1. v = Wq. 

2. v' = w k , 

3- g x {wi) = g x (w i+1 ) for alii = 0, . . . , fc - 1 and 

4- for all i = 0, . . . , k — 1 there exist m,n € Z swc/i £/ia£ 

U!i,U! i+ i S [2m, 2to + 2] x [2rt,2n + 2]. 
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Proof. By Lemma 15.41 wc can find an appropriate u>i = (a, b) S Z x R. 
By Lemma l3.4l we can find w[ G (a+i — l)xR such that ^(iu-) = g x (v). 
If for some i the points and lUj'+i do not satisfy the last condition, 
then Lemma \5 . 5 1 ensures we can insert an intermediate point w" such 
that 

1. g(w") = g(v), and 

2. there exist m, n € Z such that 

w', to" e [2m, 2m + 2] x [2n, 2n + 2] 

and 

w",w' i+1 G [2m, 2m + 2] x [2n - 2, 2n] 

or vice versa. 

Then Lcmma l574l implies that there exists i, m and n such that w' i} v' £ 
[2m, 2m + 2] x [2n, 2?i + 2]. This completes the proof. □ 

Proof of Lemma [5751 To show that M is a shift invariant bijection 
we need to establish the following properties. 

• M(X*) c S, 

• M is 1-1 

• M is shift invariant. 

• M is invertiblc. 

The first three follow straight from the definition of M, the coloring 
rule and the adjacency rule. To show that M is invertiblc we first show 
that any element of s € S generates a complete domino tiling x s of the 
plane. Then we show that the coloring of s satisfies the coloring rule 
of Definition 13.11 

Any horizontal line segment from to + on the boundary 
of a tile D which bisects a domino has three elements of Colored Points^ 
in its interior (as g changes by 3 across such an edge) , while a horizon- 
tal line segment which does not bisect the boundary of a domino has 
no elements of Colored Points a in its interiorfas g change's by 1 across 
such an edge). 

Likewise any vertical line segment from to (i, j + 1) on the 

boundary of a tile A which bisects a domino has zero or six elements 
of Colored PointSA in its interior (as g changes by 1 or 7 across such an 
edge) while a vertical line segment which does not bisect the boundary 
of a domino has two or four elements of Colored Points^ in its interior 
(as g changes by 3 or 5 across such an edge). Thus if two tiles can be 
placed next to each other under the adjacency rule then their domino 
tilings are consistent and every element of s generates a domino tiling 
x s of the plane. 

Now we verify the coloring rule. For every v, v' € (ZxR)U(Kx Z) 
with g Xa (v) = gx 3 (v') by Lemma 15.61 there is a sequence Wi € Z 2 with 
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1. V = Wq, 

2. v' = Wk and 

3- 9x 3 ( w i) = 9x a (wi+i) for alH = 0, 1, . . . , k — 1 and 

4. for all i = 0, 1, . . . , k — 1 there exist m,n £ Z such that 

u>i,u> i+ i S [2m, 2to + 2] x [2n,2n+2]. 

Then the last two conditions along with the adjacency rule imply 
that C(wi) = C(w i+ i) for every i = 0, . . . , k - 1. Thus C(u) = C(v') 
and the coloring rule of Definition [O] is satisfied. Thus M _1 (s) exists 
and M is a shift invariant bijection. □ 



6 Entropy 

Up until now we have treated S as just a topological object. Using M 
we can put a measure on S by looking at the pushforward of (a* . To 
minimize notation we refer to the pushforward of /x* as /i* as well. We 
will show that /x* is a measure of maximal entropy for our subshift of 
finite type. 

Let # of domino tilings(A r ) be the number of domino tilings of 
[-N, N} 2 . Then there exists h > such that 

lim -logft of domino tilings(An -> ft,(domino). 

Lemma 6.1. The topological entropy of the colored domino shift is 
four times the entropy of the domino shift. 

Proof. By Remark l5.2I M(x.c)|[_Ar ;v]2 is determined by 

£|[-2AT,2JV+2] 2 

and 

c l {min gx(i,j),..., max g x (i,j)} 

where the min and max are over all £ [— 2N, 2N + 2] 2 . 
By Lemma [3Tl 

{Taing x (i,j),...,maxg x (i,j)} C [-20N, -20N + 20]] 

for all g [-2JV, 2N + 2] 2 . Thus for every N 

|S'|[_jv,jv] 2 | > # °f domino tilings(2A^ + 1) 

and at most 

| S'l [-JV.JVJ2 1 < # of domino tilings(2iV+ l)2 40Ar + 21 . 
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The first statement implies that the entropy of the colored domino 
tiling is at least four times the entropy of the domino tiling. The 
second implies 



lim 




< 



lim 

N—foo 



log # of domino tilings(2A + 1)2 40JV + 21 
(27V + 1) 2 

AON + 21 + log # of domino tilings(2A + 1) 

4/V 2 

log # of domino tilings ( 2 TV + 1) 



(2A+ l) 2 



< 



lim 



lim 

Ah (domino) 



4A 2 



which proves the lemma. 



□ 



By Lemma 16.11 the measure fi* is a measure of maximal entropy. 
As we could change fi* to fix Bcrnoulli(l/3,2/3) and not change the 
entropy of the colored domino tiling, the subshift of finite type does 
not have a unique measure of maximal entropy. But fi* is in some 
sense the most natural measure of maximal entropy. It is the measure 
we get by generating measures /tjy by putting equal mass on all colored 
domino tilings of [-N, N] 2 and the taking the limit as N goes to oo. 
We can show that this limit converges by the uniqueness of the measure 
of maximal entropy for the domino tiling. 

Let fi' be any weak limit of the sequence of measures above. Then 
fi' is a measure of maximal entropy on S. Then project fi' onto A to 
get a measure fl on X. The entropy of fi is the same as the entropy 
of fi' . Thus fi is a measure of maximal entropy on X. As there is a 
unique such measure we have that fi = fi. 

In every of our sequence of measures conditioned on a domino tiling 
the colors are independent with all colorings equally likely. We say B C 
A is a cylinder set determined by [— n,n] 2 if x £ B is determined 
by x(u) for all u £ [— n, n] 2 . We write B £ Cyh_ ntn v2. Let B be a 
cylinder set for dominoes and c\ and ci be colorings of the colored 
points in B. Then fi^(B,c\) = fi^{B ,02). This carries over to any 
weak limit. Thus fi' = fi* . 

7 Completely positive entropy 

In order to show that our subshift has completely positive entropy we 
take the following steps. 

• We take a domino configuration x £ A and a cylinder set B £ 



12 and condition on 



B n x 2 k 
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• Then we show in Lemma l7.1l that the conformal invariance of the 
height function implies that for any n and m if k is sufficiently 
large then for all B and most x the conditional probability that 
the union of two domino tilings in BC\x 2 k n have at least m cycles 
that surround Square^ and are inside Square 2 fc„ is close to 1. 

• Next in Lemmas 17.21 and 17.31 we show that this implies that for 
all e > if k is sufficiently large then for all j £ Z 

fi (h x ,(-2 k n, -2 k n) = j | x' £ B n x 2 u n ) < e. (2) 

• Finally we show how @ implies that the colored domino process 
has completely positive entropy. 

When we defined the height function we arbitrarily chose to set 
h x (0,0) = for all x. Sometimes it is more convenient to chose to set 
the function to be zero at a point of the form {—I, —I). For this reason 
we define 

h x ,i(i,j) = h x (i,j) - h x (-l, -I). 

Now define 

Bx,m,n,k = l( x ' iV') '■ x'[Jy' has > m cycles surrounding Square n and x',y' G Bna^fcnj 

Here is the key fact about the fluctuations of the height function 
that we need in this paper. 

Lemma 7.1. Given any n € N, cylinder set B £ Cyh- n>n ]2 and 6 > 
there exists k £ N and G C X with fi(G) > 1 — 8 such that for all 
x £ G 

V x v( B * tmtntk \x,yeBD x 2 k n ^j >l-5. 
Proof. For a point x' £ B n x 2 k n we get a sequence of functions 

hx' ,n I Square^ ) hx' ,2n | Square 271 ) * • * j h x ' 2 k n | Square 2 fc ri • 

Thus the set x 2 k n generates a measure on sequences of functions. To 
independently sample x' and y' from B n x 2 k n we first independently 
sample h% : Square 2 i„ — > 1 for % = 0, . . . , k and h\ : Square 2 i„ — > Z for 
i = 0, . . . , k according to this measure. Then we sample x' and y' such 
that 

h x ',n = "O) ■ • ■ j hx',2 k n = ^fc 

and 

hy',n = h-Q, • • • j hyi 2 k n = h k . 

Fix 5 > smaller than the S in Thcoreml2.3l The difference 



h x (n, 0)=J2 h x(i,0)-h x (i-l,0) = J2 h Tf^( x )(^ °) " h Ti- t \ x )(°> 0) 
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is an crgodic sum. Repeated uses of the ergodic theorem show that 
for most x for all large I the probability ||/ij||oo < 82 l n is high. This 
implies that for all k sufficiently large for a set of x of measure at least 
1 — 8 the sequences ho, ■ . ■ , and h' Q , . . . , h' k have the property that 
with probability 1 — 8/2 

# (l\ \\hiWoo, ||^-i|U < S2 l n) > k(l - 8). 

For I with 

IIMU, ||^-i||oo, Halloo, ||^_i||oo < 52 l n 



and I large enough for Corollary 12.31 to hold this implies that there 
exists p > such that the probability that xUy has a cycle in Annulus; 
is at least p. This happens independently for all such 

Thus for any m we can choose K such that for k > K the set of x 
such that 



A 1 x A 1 y ''; „. ., j, \x',y' eBll x 2k 
is greater than 1 — 8. □ 
Lemma 7.2. Given k,m,n G N, x G X and cylinder set B G Cyh_ n „p 

B* k ) < 1/Vm (3) 



jU X /i ^/V,2<=«(0, 0) = V,2*n(0>0) 

Proof. Let Cycles be any set of at least m cycles that surround Square^ 
and are inside Square 2 fc„. Let B x 2fe n Cycles be the set of pairs (x',y') 
such that (x', y') & B f] x 2 k n and that the set of cycles in x' U y' that 
surround Square^ is Cycles. Then by Theorem 12.21 we have that the 
conditional probability that 

fix n (h x , 2 k n (0,0) = h y , 2 k n (0,0) B^k^cyde^j < 1/Vm- ( 4 ) 
We have that 

^x,m.n,k 1^_J ^x,2 k n, Cycles 

Cycles 

so by Bayes' rule the conditional probability on the left hand side of 
<j3j) is a weighted average of conditional probabilities of the form that 
are on the left hand side of (QJ. As all of these are less than 1/^/m, 
this proves the lemma. □ 

Lemma 7.3. Given n 6 N, cylinder set B G Cyl\_ n .„]2 and e > 
there exists K and a set G C X with fi(G) > 1 — e such that for all 
k > K , all x € G and all j £ Z 

AM /V,2*n(0,0) = jW G B n £ 2 fc n J < e- (5) 
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Proof. Choose m € N and <5 such that 
Then we get 



< 

= M X ^(/la;/,2hn(0)0) = V,2 fc n(0,0)|x',y' € Bn%„) (6) 

< x /x(/i x , i2 fe n (0,0) = V,2 fc n(0,0)|B* m „ fc ) 

+M x M(5*, rn ,„, fc ) C I a;', y' e B n i 2fc „) (7) 

< (8) 

< e 2 . 

where (0 is an application of Bayes' rule and (jHJ follows from Lemmas 
17.21 and 17.11 Taking square roots completes the proof. 

□ 

Now that we have established this lemma we can combine this with 
Theorem 12.11 to prove that our subshift of finite type has completely 
positive entropy. 

Theorem 7.4. The colored domino tiling (X* , /i*, T* efv T*[ own ) has 
completely positive entropy. 

Proof. Let 

(x,c) N = {(x',c') : (x',c') (i>j) = (x,c)(i d) V(i,j) £ [-N,N] 2 }. 

By [5] to prove the theorem it suffices to show that for all n and e > 
there exists N and a set of (x, c) of measure at least 1 — e such that 
for all E G {1, 2}^ 20n ' 20n+ ^ and cylinder sets B G CyZ[_„ jn ]2 



/i ^(x, d) : x <E B and d 5, c) w ) - m(5)2~ 4 

We have that 



< e. 



( (x, d) : x G B and de £ 



(x,c) 



H\x & B 



xn ) • n [ d & E 



(x, c)jv n -B 
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By Theorem 12.11 the domino tiling is isomorphic to a Bernoulli shift 
thus it has completely positive entropy. Thus by [TU] for any 5 > we 
can chose TV large enough so that there exists a set of h of measure at 
least 1 — 8 such that 



fi (x e B\x jv) — n(B) 



<8 



(9) 



for all B. 

Thus we need to show that for all 8 > there exists TV large enough 
so that for most x G X and c G {1,2} Z and all 75 G {1, 2}[- 20 "< 20 "+ 2 l 
and cylinder sets B 



fj,(d G £ , |(£,c) A r n B) -2 



-40n-3 



< 8. 



(10) 



By Lemma 17.31 for all 8' > we can make k large enough so that 
for most x and all B 

max /i ^/v 2 fcn(0, 0) = j|x 2 '=7 l n S^j < <S'. 

Thus we can choose 8' small enough so that the weak law of large 
numbers implies (|T0|) is satisfied for most c. For a sufficiently small 
choice of 8 combining (J9j) and (fT0|) proves the theorem. □ 



8 Not Bernoulli 

For c, d € {1, 2} w we define 

f N (c,d) = 1 - — 
where j is the largest number such that there exists subsequences 

l < m < ri2 <••■<%< iV 

and 

1 < mi < 77i2 < • ■ ■ < rrij < N 

such that c ni = d mi for all i = 1, . . . ,j. The same definition holds in 
the case that one string has length less than N. 

A simple combinatorial argument proves the following standard 
lemma. The lemma is well known but we include the proof here for 
the sake of completeness. 



Lemma 8.1. There exists r > such that for all N 
PxP(c,d: f N (c,d) < .01) < e- rN . 



(11) 
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Proof. For any set A C {1,2,..., N} there exists a unique increasing 
subsequence whose union is the complement of A. For any c, d with 
/w(c,rf) < .01 there exists A,B C {1,2, ...,N} with \A\ = \B\ < 
.01N such that Caa = d { B for all j. By Tchcbychcv's inequality there 

j 3 

exists Nq such that for all N > No there are at most 2 Ar / 3 subsets of 
{1,2,..., N} of cardinality at most .017V. For any c and A, B with 
\A\ = \B\ < .01 N 

V(d : c iA = d iB for all j) < 2~- 99N . 

j J 

Then for r' < .1 and N > N 

P x P(c, d : f N (c, d) < .01) < P ( d '■ c i A = d t B for a11 3) 

A,B 

< 2 2JV / 3 2 _ - 99JV 

< e- r ' N . 

Since this holds for all N sufficiently large there exists r > such that 
is true for all N. □ 

A slight generalization is that there exists r > such that for all 
N sufficiently large 

c,d) : 3a,be [-1007V, 100A^] and K > N such that f K {cr a c,a b d) < .01 

(12) 

The main tool that we use in this lemma is that a good d[_jv,Af] 2 
matching generates a good / matching of the colorings. We make that 
precise in the following lemma. 

Lemma 8.2. If 

3[-N,N] 2 (fJ-\(x,c),H\(y,d)) < -0001 

then there exists a,b and K such that — lOOA^ < a, b < 100A^ and 
K > N 

f K (a a c,a b d) < .01. 

Before we prove this lemma we first introduce a few definitions and 
then prove a few quick lemmas. Note that any x, y and i generate a 
natural bijection F from R to R by 

F(r) =F x , y .,{r)=g- 1 {2i,g x {2i,r)). 

Lemma 8.3. F is increasing and 

(l/7)\t'-t\<\F(t')-F(t)\<7\t'-t\. 
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Proof. By Lemma 13.41 both g x (i,r) and g y (i,r) are piecewise linear 
increasing in r and have derivatives between 1 and 7. This implies 
that F is piecewise linear and increasing with derivative between 1/7 
and 7. □ 



3 ■ {x' 7 a a c) 2h2j = (y',a b d) 2i , 2j ^ n [-N,N]. 



Define 

Agree IjAr 
Let 

Total Colors x ,, i>JV = {g x >(2i,-2N), . . . ,g x ,(2i,2N + 2)} 

and 

Total Colors yV i,Ar = {g y , (2i, -2iV), . . . , fly (2i, 2iV + 2)}. 

Lemma 8.4. | Toto/ Colors x > ^.n\, \ Total Colors v ' > 4N + 2. 

Proof. This follows from Lemma [3.41 as both g x '(2i, *) and g y '(2i,*) 
have derivative at least 1. □ 

Let 

Colors that Agree^,/ j jy = {fc'(2i, : I e 2Agree iiW + [0, 2]} n Z 
and 

Colors that Agiee y , i N = {g y '(2i, I) : I € 2Agree i Ar + [0, 2]}nZ. 
Lemma 8.5. 

| Total Colors x r i w\Colors that Agree x , i N \ < (15)(2iV+l— | Agree i N \). 

Proof. By Lemma [3^1 for each j G {— JV, . . . , N} there are at most 15 
elements t of Total ColorSa'^jv such that there exists z e [j, j + 2] with 

g x (2i, z) = t. 

Thus there are at most 15(2N + 1 — lAgree^ N |) elements of 
Total ColorSjc'^jv \ Colors that Agiee x , i N . 

□ 

This next lemma is the reason for our use of the notation Colors that Agree,,./ i N . 
Lemma 8.6. IftE Colors that Agree x i i N then 

F(t) £ Colors that Agree y , i N 

and Ct = dp(ty 
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Proof. By the definitions of g x >, g y / and Agree i N , we have that 

g x >(2i, *) - g y >(2i, *)\y lj+ 2] = (13) 

and 

g-,\2i,2j),g-\2i,2j)€Z (14) 

for any j € Agree,; N . By (I13p i* 1 is linear with slope 1 on any interval 
/ such that 

flx'(2»,i) C Agree ijiV + [0,2]. 

Combined with Q14p this implies that F(t) £ Colors that Agree y , i N 
if t G Colors that Agree^,, i N . The definition of Agree^ N also implies 
that Ct = dpfty □ 

Proof of Lemma [HHJ If 

d[-N,N] 2 (n\(x,c),H\(yA)) < -0001 (15) 

then there exists x' £ xn and y' € Hn and a,b e [—20^,20^] such 
that 

^-^((xV^MyVd)) < .0001. (16) 
Then we can find i E [-N, N] such that 

d lx[ „ N , N] ((x',a a c),(y',G- b d)) < .0001. (17) 

Since (fl~7|) is satisfied then 

IAgrcc.^1 > (1-.0001)(2JV+1). 

Then choose the sequence n\, . . . , rik to be elements of Colors that Agree,,./ 4 N 
in increasing order and chose the sequence mi, . . . , to be elements 
of Colors that Agree^ 4 N in increasing order. Then by Lemma 18.61 
F(rij) = rrij and c a + nj = db+ mj for all j. 

k > (1 - .0015)|Total Colors x%4j7V | 

and 

fc > (1 — .0015)|Total Colorsy/^^l. 

Then set 

K = max(|Total Colors^'.^Tvl, | Total ColorSy/^jvl)- 
Thus K > N. This subsequence shows that 

J K(a ^(^,-2JV) C)(7V (2i,-2iV) d) < Q1 

□ 
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Theorem 8.7. The colored domino tiling (X*, fj,*, T*^, T£ own ) is not 
isomorphic to a Bernoulli shift. 

Proof. By [10] the colored domino tiling is isomorphic to a Bernoulli 
shift if and only if the integral of 

rf[-JV,W] 2 (M*l(5,c), M*l(fr,d)) 

over all x, y, c and d approaches as N goes to oo. But by the comment 
after Lemma 18.11 for most quadruples x,y,c and d 

f K {a a c,a b d) > .01 

for all a,b and K such that -1007V < a, b < 100A and K > N. By 
Lemma 15^21 for those quadruples the integrand is bigger than .0001. 
Thus the colored domino tiling is not isomorphic to a Bernoulli shift. 

□ 

Theorem 8.8. The colored domino tiling (X* ,T^,T^ own ) is a sub- 
shift of finite type. The measure fx* on X* is a measure of maximal 
entropy for which the subshift has completely positive entropy but is 
not isomorphic to a Bernoulli shift. 

Proof. This is a combination of Lemma |6~T1 and Theorems [7] and [5] □ 

Acknowledgements: I would like to thank Rick Kenyon, Bob Bur- 
ton and Dan Rudolph for helpful conversations on this problem. I 
would also like to thank an anonymous referee who had many helpful 
suggestions on how to improve the presentation. This work was par- 
tially supported by NSF grant DMS-#086024 and an AMS Centennial 
Fellowship. 

References 

[1] Bcrger, R. The undecidability of the domino problem. Memoirs 
Amcr. Math. Soc. 66 (1966). 

[2] Blote, H. W. J. and Hilhorst, H. J., Roughening transitions and 
the zero-temperature triangular Ising antiferromagnet. J. Phys. A 
15 (1982), L631. 

[3] Burton, Robert; Pemantle, Robin. Local characteristics, entropy 
and limit theorems for spanning trees and domino tilings via 
transfer-impedances. Ann. Probab. 21 (1993), 1329-1371. 

[4] Burton, Robert; Steif, Jeffrey E. Non-uniqueness of measures of 
maximal entropy for subshifts of finite type. Ergodic Theory Dy- 
nam. Systems 14 (1994), 213-235. 



27 



[5] Cohn, Henry; Kenyon, Richard and Propp, James. A Variational 
Principle For Domino Tilings Journal Of The AMS 14, (2001) 
297-346. 

[6] Conzc, J. P., Entropie d'un groupe abelian de transformations. Z 
Wasrscheinlichkeitstheorie Verw. Geiete 25 (1972), 11-30. 

[7] Fcldman, Jacob, New if-automorphisms and a problem of Kaku- 
tani. Israel J. Math. 24 (1976), no. 1, 16-38. 

[8] Friedman, N. A.; Ornstein, Donald, On isomorphism of weak 
Bernoulli transformations. Advances in Math. 5 (1970), 365-394. 

[9] Hoffman, Christopher, A Markov random field which is K but not 
Bernoulli. Israel J. Math. 112 (1999), 249-269. 

[10] den Hollander, Frank, Steif, Jeffrey, On K- Automorphisms, 
Bernoulli Shifts and Markov Random Fields. Ergodic Theory and 
Dynamical Systems. To appear. 

[11] Kenyon, Richard, The Laplacian and Dirac operators on critical 
planar graphs, Invent. Math. 150 (2002), 409-439. 

[12] Kenyon, Richard, Conformal invariance of domino tiling, Ann. 
Probab. 28 (2000), 759-795. 

[13] Kenyon, Richard, Local statistics of lattice dimers, Ann. Inst. H. 
Poincare, Probability 33 (1997), 591-618. 

[14] Kenyon, Richard, Dominos and the Gaussian Free Field Ann. 
Probab. 29 (2001), 1128-1137. 

[15] Kenyon, Richard; Okounkov, Andrei and Sheffield, Scott Dimers 
and Amoebae Ann. of Math. (2) 163 (2006), 1019-1056. 

[16] Ledrappicr, Frangois, Un champ markovien peut etre d'entropic 
nullc ct melangeant. C. R. Acad. Sci. Paris Ser. A-B 287 (1978), 
no. 7, A561-A563. 

[17] Lind, Douglas; Marcus, Brian. An introduction to symbolic dy- 
namics and coding. Cambridge University Press, Cambridge, 
1995. 

[18] Meilijson, Isaac, Mixing properties of a class of Skew-Products. 
Israel J. Math. 19 (1974), 266-270. 

[19] Sheffield, Scott, Uniqueness of maximal entropy measure on es- 
sential spanning forests. Ann. Probab. 34 (2006), 857-864. 

[20] Thurston, W. P., Conway's tiling groups, Amer. Math. Monthly 
97 (1990), 757-773. 



28 



